Analytical investigation of wave absorption by a rotating black hole
  analogue by Oliveira, Leandro A. et al.
June 15, 2020 2:16 WSPC/INSTRUCTION FILE ws-ijmpd
International Journal of Modern Physics D
c© World Scientific Publishing Company
ANALYTICAL INVESTIGATION OF WAVE ABSORPTION BY A
ROTATING BLACK HOLE ANALOGUE
LEANDRO A. OLIVEIRA∗ AND CAROLINA L. BENONE†
Campus Salino´polis, Universidade Federal do Para´,
68721-000, Salino´polis, Para´, Brazil
∗laoliveira@ufpa.br
†benone@ufpa.br
AMANDA L. ALMEIDA‡ AND LUS C. B. CRISPINO§
Faculdade de F´ısica, Universidade Federal do Para´
66075-110, Bele´m, Para´, Brazil
‡amanda.almeida@icen.ufpa.br
§crispino@ufpa.br
Received Day Month Year
Revised Day Month Year
Perturbations in a draining vortex can be described analytically in terms of confluent
Heun functions. In the context of analogue models of gravity in ideal fluids, we investigate
analytically the absorption length of waves in a draining bathtub, a rotating black hole
analogue, using confluent Heun functions. We compare our analytical results with the
corresponding numerical ones, obtaining excellent agreement.
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1. Introduction
Black holes (BHs) are extreme objects, characterized by the presence of an event
horizon.1 BHs of the Kerr family have a spacetime singularity in their core, and
singularity theorems predict that they can be formed by the collapse of physical
matter.2 Event horizons and singularities are believed to be linked to quantum
physics, what makes BHs keystones in the development of a complete quantum
description of the gravitational interaction.
By studying the quantum nature of BHs, Hawking has shown that these ob-
jects emit radiation as black bodies,3 the so-called Hawking radiation. The tem-
perature associated with the Hawking radiation is very feeble, being of the order
of 10−6(M/M)K, where M is the mass of the BH and M is the mass of the
Sun. This result, together with the nature of the event horizon, turns the task of
measuring Hawking radiation directly into an extremely difficult one. In order to
circumvent such difficulty, Unruh proposed that, instead of working directly with
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BHs, one could investigate systems that have the same kinematic properties of a
BH, but which are easier to access.4
With his pioneering work, Unruh gave venue to a new field of investigation:
the analogue gravity. The first analogue model proposed by Unruh consisted of a
fluid with a sink in the middle, such that acoustic perturbations in this fluid “feel”
an effective curved geometry.4 In this case, the event horizon is formed when the
velocity of the fluid equals the speed of sound. This system was generalized to include
rotation,5 resulting in an effective BH spacetime that presents an ergorregion, as
the Kerr BH.
Although these acoustic systems are among the most widely known analogue
models, they present a strong disadvantage: In order for the event horizon to form,
the fluid has to be supersonic in a certain region. This fact makes such a system
difficult to achieve without creating turbulence in the fluid.
A different analogue BH model was proposed by Schu¨tzhold and Unruh,6 com-
posed by gravity waves in a shallow basin. In this case, the velocity of propagation
of the waves depends on the depth of the basin, such that the speeds involved are
of the order of m/s.
Along the years, several other analogue models of gravity have been proposed
(cf., e. g. 7–14). Recently, claims of experimental verification of Hawking radiation
in analogue systems have been made.15,16 Although there is some dispute whether
these observations were in fact of Hawking radiation,17 such developments give
additional reasons to study BH physics in analogue gravity.
It has been shown that Hawking radiation is closely related to BH absorption,18 a
subject that has been extensively studied in the literature (cf., e. g. 19–24). Although
the equations related to wave propagation in fluids can be somewhat simplified, the
solutions for the full range of frequencies have mainly been treated numerically (cf.,
e. g., 25, 26), with few exceptions published in the literature (cf., e. g., 27).
We study fluid perturbations in a draining vortex, finding the absorption length
analytically in terms of confluent Heun functions. We also compare our analytical
results with numerical ones. The remainder of this letter is organized as follows.
In Sec. 2 we review the main aspects of the effective spacetime of the draining
bathtub. In Sec. 3 we consider linear perturbations in the draining bathtub. In
Sec. 4 we obtain absorption length. In Sec. 5 we present analytical results for the
wave absorption. In Sec. 6 we consider the low-frequency limit and the numerical
solution for the absorption length, as consistency checks of our analytical solution.
We present our conclusion in Sec. 7.
2. Effective spacetime of a draining bathtub
In fluid mechanics, we can use mass conservation and Newton’s second law to de-
scribe an inviscid fluid flow by the continuity equation
∂ρ
∂t
+∇ · (ρ~v) = 0, (1)
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and Euler equation
∂~v
∂t
+ (~v · ∇) ~v + ∇P
ρ
= 0, (2)
where ρ is the mass density, P is the pressure and ~v is the flow velocity of the fluid.
A barotropic fluid flow obeys the following equation of state:
P = P (ρ) . (3)
For an irrotational flow, the velocity ~v satisfies
∇× ~v = 0, (4)
so that it can be represented as a conservative field, namely
~v = −∇Φ, (5)
where Φ is the (flow velocity) potential of the fluid.
The flow velocity of the vortex with a sink can be written as
~v = vr(r) rˆ + vθ(r) θˆ. (6)
We assume a steady non-perturbed fluid flow (without an explicit time dependence)
and that the flow velocity components are functions of the radial coordinate only.
Substituting the flow velocity of the vortex, given by Eq. (6), into Eqs. (1)
and (4), we find that
~v = −D
r
rˆ +
C
r
θˆ, (7)
where D and C are positive constants related, respectively, with the draining of the
fluid to the center of the vortex (sink) and with its circulation (the circulation is
Γ = 2pi C).
Linear perturbations in the fluid flow described by Eqs. (1), (2), (4) and (3) can
be represented as a Klein-Gordon equation,4 namely
∇µ∇µφ = 1√|g|∂µ
(√
|g|gµν∂νφ
)
= 0, (8)
in an effective curved geometry with contravariant metric components gµν and de-
terminant g.
The scalar function φ in Eq. (8) is related to the perturbation of the flow velocity
δ~v by
δ~v = −∇φ, (9)
and the speed of the perturbation can be written as
c ≡
√
dP/dρ. (10)
From now on we set c ≡ 1.
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The line element of the effective spacetime of the draining bathtub may be
written as28
ds2 = −f(r)dt2 + f(r)−1dr2 +
(
rdθ − C
r
dt
)2
, (11)
with
f(r) ≡ 1− D
2
r2
. (12)
The event horizon is located where the radial flow velocity equals the speed of the
perturbations, i.e. at
rh = |D|. (13)
The ergoregion is defined as the region where the modulus of the flow velocity is
larger than the speed of the perturbation. The outer boundary of the ergoregion is
given by
re =
√
D2 + C2. (14)
3. Linear perturbations and their analytical description
We may describe the linear perturbations in the draining bathtub using the following
ansatz
φ(t, ~r) =
1√
r
∞∑
m=−∞
ψm(t, r) exp (im θ) , (15)
where m is an integer, the azimuthal number, associated with the angular momen-
tum of the perturbation.
Substituting Eq. (15) into Eq. (8), we find the following partial differential equa-
tion (PDE) [
−
(
∂
∂t
+
iCm
r2
)2
+ f
∂
∂r
(
f
∂
∂r
)
− Vm(r)
]
ψm(t, r) = 0, (16)
that describes the perturbation in (t, r) coordinates.
The function Vm(r) is the effective potential that the waves are submitted, given
by
Vm(r) ≡ f(r)
(
m2 − 1/4
r2
+
5D2
4r4
)
. (17)
From Eqs. (12) and (17), it can be found that the effective potential goes to zero
at the event horizon and at infinity.
The PDE given by Eq. (16) describes the perturbation in the time-domain of
the effective spacetime. We constrain the dependence of the perturbation on its
oscillation frequency ω, as follows29,30
ψm(t, r) = uωm(r) exp (−iωt) . (18)
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From Eqs. (16) and (18), we may obtain an ordinary differential equation (ODE),
namely [
f
d
dr
(
f
d
dr
)
+
(
ω − mC
r2
)2
− Vm(r)
]
uωm(r) = 0. (19)
Note that Eq. (19) involves first- and second-order derivative terms. In order to
eliminate the first derivative term, we may define the Regge-Wheeler coordinate x
as follows
d
dx
≡ f d
dr
, (20)
or, explicitly,
x = r +
rh
2
ln
∣∣∣∣r − rhr + rh
∣∣∣∣ . (21)
From Eq. (21), we notice that at the event horizon the Regge-Wheeler coordi-
nate goes to negative infinity. Furthermore, as the r-coordinate goes to infinity, the
Regge-Wheeler coordinate also goes to infinity.
Using the Regge-Wheeler coordinate, Eq. (19) can be rewritten as follows:[
d2
dx2
+
(
ω − Cm
r2
)2
− Vm(r)
]
uωm(x) = 0. (22)
Since the ODE (22) does not depend on the first-order derivative related to
x-coordinate, it is possible to show that the Wronskian of two linear independent
solutions of this ODE does not depend explicitly of the x-coordinate. Thus, we may
write the following equation for the Wronskian W [u(x), u¯(x)] of the solutions at
event horizon and spatial infinity of Eq. (22), namely
W [u(x), u¯(x)]
∣∣∣
x→−∞
= W [u(x), u¯(x)]
∣∣∣
x→∞
, (23)
where
W [g(x), h(x)] ≡ g(x) d
dx
h(x)− h(x) d
dx
g(x) (24)
and u¯(x) is the complex conjugate of u(x).
4. Absorption cross section
In this Section we describe the absorption of waves by the draining vortex. In order
to describe the absorption process, the following boundary condition at spatial
infinity (very far from the event horizon) holds
uωm(x)
∣∣∣
x→∞
= Ainωm exp(−iωx) +Aoutωm exp(iωx), (25)
where the coefficients Ainωm and A
out
ωm, respectively, are associated with the ingoing
and outgoing waves. At the horizon, we have
uωm (r)
∣∣∣
r→rh
= exp[−iω˜x], (26)
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where
ω˜ ≡ ω − mC
r2h
. (27)
We may combine the coefficients Ainωm and A
out
ωm to write the transmission and
the reflection coefficients, respectively, as
|Tωm|2 ≡ 1|Ainωm|2
(28)
and
|Rωm|2 ≡
∣∣∣∣AoutωmAinωm
∣∣∣∣2 , (29)
which satisfy the following relation
|Rωm|2 + ω˜
ω
|Tωm|2 = 1. (30)
Using Eqs. (23), (25), (26) and (29), we may obtain the following expression
|Rωm|2 = 1− 4Sωm + 2 , (31)
with
Sωm ≡ ω
ω˜
[
|uωm (r)|2 + 1
ω2
∣∣∣∣duωmdr
∣∣∣∣2
]
r→∞
. (32)
The total absorption length is given by
σabs =
∞∑
m=−∞
σ
(m)
abs , (33)
where σ
(m)
abs is the partial absorption length, obtained for each value of azimuthal
number m, which can be written in terms of the reflection coefficient as
σ
(m)
abs =
1
ω
(
1− |Rωm|2
)
. (34)
We may express the absorption length in terms of Sωm as
σabs =
4
ω
∞∑
m=−∞
1
Sωm + 2 . (35)
5. Analytical results
The analytic solutions of Eq. (19) can be expressed in terms of confluent Heun
functions, which are solutions of confluent Heun equations.31 We may write
uωm(r) = r
5
2
(
K1 χ
+ +K2 χ
−) , (36)
where
χ± ≡ (D2z)± β2 HeunC (α, ±β, γ, δ, η; z) , (37)
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with
z ≡ 1− r2/r2h, (38)
α = 0, (39)
β ≡ i rh ω˜, (40)
γ = 1, (41)
δ ≡ −1
4
r2h ω
2, (42)
η ≡ 1
4
[
r2h ω
2 −m2
(
C2
r2h
+ 1
)
+ 2
]
. (43)
The constants K1 and K2 are obtained considering the boundary condition (26) at
the event horizon and its derivative.
The confluent Heun functions present two regular singular points, at z = 0 and
z = 1, and one irregular singular point, at z = ∞. The confluent Heun equation
arises when we perform a confluence process in the general Heun equation, what
decreases the number of parameters.
6. Consistency Checks
In this section we check our analytical results in two different ways: (i) Considering
a low-frequency approximation and (ii) comparing with the numerical results.
6.1. Low-frequency approximation
To obtain an analytic expression for the absorption length in the low-frequency
approximation, we take the limit ω → 0 in Eq. (36), obtaining
HeunC
(
0, ∓$, 1, 0, 1
4
[
2−m2
(
C2
r2h
+ 1
)]
; z
)
=(
1
1− z
)1±λ
F
(
1± λ,±λ; 1∓$; z
z − 1
)
, (44)
where
λ ≡ m
2
(
1− iC
rh
)
, $ ≡ imC
rh
, (45)
and F(b, c; d; y) are the generalized hypergeometric functions.
To compute the absorption length, it is necessary to consider sufficiently large ra-
dial distances in the wavefunction, i.e., [uωm(x)]x→∞. This can be done considering
z → −∞ in Eq. (44), what leads to32
F
(
1± λ,±λ; 1∓ imC
rh
; 1
)
= ∓
Γ
(
1∓ imCrh
)
Γ (∓m)
m
2
(
1 + iCrh
)
Γ
[
∓m2
(
1 + iCrh
)]2 , (46)
with Γ(x) being the gamma function.
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In the low-frequency regime, the absorption length is dominated by the m = 0
mode. Thus, to find the absorption length in the low-frequency limit, we can consider
only the mode m = 0, and we can use that
Γ
(
1∓ imCrh
)
Γ (∓m)
m
2
(
1 + iCrh
)
Γ
[
∓m2
(
1 + iCrh
)]2

m=0
= 1. (47)
From Eqs. (36), (44), (46) and (47), we find
uωm (r) ∝ r2h
√
r, (48)
in agreement with the result obtained in Ref. 25.
6.2. Comparison with numerical results
The absorption length of the draining bathtub was investigated numerically in Ref.
25, using the partial waves method. Here we revisit this investigation, as a consis-
tency check of our analytical solution. Following the procedure in Ref. 25, we solve
Eq. (19) numerically from r = rh + δr, with δr  1, to r  rh, using Eq. (26) and
its derivative as boundary conditions. To find the absorption cross section, we use
Eq. (25) and its derivative to find the reflection coefficient, which we then substitute
in Eq. (34).
In Fig. 1 we compare analytical and numerical results of the absolute value of the
radial part of the wavefunction, |uωm(r)|, as a function of r, for a specific choice of
the wave frequency and azimuthal number m, and different values of the circulation
C. The analytic results were obtained using Eqs. (31), (35) and (36). The constants
K1 and K2 were fixed using the boundary condition exhibited in Eq. (26), and
we have chosen to omit their explicit forms, which are lengthy. The analytical and
numerical results are in excellent agreement.
In Fig. 2 we display the analytical and numerical results for the reflection co-
efficient, |Rωm|2, for circulation C = 0, rh and 2rh. We see that for certain values
of the circulation the reflection coefficient is greater than 1, what happens due to
superresonance.33 In Fig. 3 the results for the absorption length, as a function of the
frequency ω, are exhibited. In both Figs. 2 and 3 analytical and numerical results
agree remarkably well.
7. Conclusion
In this letter we have considered perturbations in a rotating BH analogue model,
solving the corresponding equations analytically and numerically. We investigated
the draining bathtub, that possess a draining and circulating fluid flow. When the
speed of the fluid flow is high enough, perturbations in such a fluid feel an ergorre-
gion and an event horizon.
The absorption length of planar waves in this effective spacetime was investi-
gated numerically in Ref. 25. However, it is possible to find analytical solutions by
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Fig. 1. Absolute value of the radial wavefunction, as a function of r, for m = 1, ω = 1 and
circulations C = 0 (top), C = rh (middle) and C = 2rh (bottom). The radial profile is typical of
a propagating wave.
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Fig. 2. Comparison of the reflection coefficient with m = 1, obtained with the numerical and
analytical solutions of Eq. (31), for different values for the circulation. As the circulation increases,
we can see the superradiance effect (which leads to a reflection coefficient greater than 1) increases.
writing the radial solution in terms of Heun functions, as shown in Ref. 27. We have
obtained analytically the absorption length in terms of the confluent Heun func-
tions and performed consistency checks, comparing our results with the absorption
length computed numerically, as well as with the low-frequency limit, obtaining
great agreement for all cases.
Our analytical solutions manifest the physical characteristics of the absorption
by rotating BHs, i. e.: (i) the total absorption length presents an oscillating pattern,
as the maximum contribution of each partial wave occurs for a different value of
the frequency; (ii) as we increase the value of the circulation, the oscillating pattern
becomes less regular (cf. Fig. 3); (iii) low-frequency modes can be amplified, due
to superresonance (cf. Fig. 2); (iv) in the low-frequency limit the absorption length
goes to the perimeter of the event horizon.
Analytical investigations are always desirable, even for systems already studied
numerically, since the analytical solutions may help us to have a better under-
standing of the physical problems. The Heun functions, in particular, appear as
solutions in a variety of physical systems.31,34 They can be used, e. g., to investi-
gate quasinormal modes of compact objects,35,36 which are associated to the form
of the gravitational waves coming from the merger of two compact objects, for in-
stance. Further investigation in this direction can help in our understanding on the
characteristics of compact objects and their interaction with fields.
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Fig. 3. Absorption length of the draining bathtub, σabs, as a function of the frequency ω. For this
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